Abstract. The reduced Burau representation Vn of the braid group Bn is obtained from the action of Bn on the homology of an infinite cyclic cover of the n-punctured disc. In this note, we calculate H * (Bn; Vn) as a module over the Laurent polynomial ring Q[t, t −1 ].
Introduction
Let B n denote the braid group on n strands. It is a classical fact that B n ∼ = M od(D n ), the mapping class group of D n the closed disc with n punctures in the interior (see [14] ). By recording the action on the n punctures, we have a surjective homomorphism B n → S n where S n denotes the symmetric group on n letters. For general reference on braid groups, please consult [2] , [15] .
Burau [4] defined an interesting representation of B n . We will now sketch an equivalent formulation of the representation and postpone all details to Section 2. The total winding number π 1 (D n , p) → Z defines an infinite cyclic cover X n → D n → Z. The deck group Z acts on H 1 (X n ; Z), making it a module over Z[Z] ∼ = Z[t, t −1 ], the ring of integral Laurent polynomials. In fact, H 1 (X n ; Z) ∼ = Z[t, t −1 ] n−1 . Each mapping class σ ∈ B n can be lifted to a mapping class on the coverσ ∈ M od(X n ). The reduced Burau representation is the representation ρ : B n → GL(H 1 (X n ; Z)) ∼ = GL n−1 Z[t, t −1 ]. Throughout this note, V n will denote the B n -module H 1 (X n ; Q) ∼ = Q[t, t −1 ] n−1 on which B n acts via ρ. The goal of this note is to compute H * (B n ; V n ).
The homology of the braid group with various twisted coefficients W have been considered by many authors. For example, H * (B n ; W ) has been computed for
• (Cohen , [11] ): W = Q where B n acts by composing B n → S n with the sign repre-
• (Cohen , [11] ): W = Q n−1 where B n acts by composing B n → S n with the standard representation
• (De Concini-Procesi-Salvetti [13] ): W = Q[t, t −1 ] where B n acts by the determinant of the reduced Burau representation. These three representations of B n above are related to the reduced Burau representation via the following commutative diagram.
Remark 2. Recently, Wahl [18] has proved a general result which entails as a special case that H k (B n ; V n ) stabilizes when we fix k and allow n → ∞. Theorem 1 concurs with Wahl's result, and indeed computes the homology explicitly. This phenomenon of homological stability parallels a result of Church-Farb [9] , where they proved that H k (B n ; U n ) stabilizes as k is fixed and n → ∞ when {U n } ∞ n=1 is a "consistent" sequence of representations of S n viewed as representations of B n via the map B n → S n (see [9] for what "consistent" means). The stabilization of H k (B n ; V n ) supplies one example where the homological stability still holds even when the twisted coefficients do not factor through the quotient B n → S n .
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The reduced Burau representation
B n is the mapping class group M od(D n ), the group of homeomorphisms of the n-punctured disc fixing the boundary, up to isotopy that fixes the boundary point-wise. By choosing a basepoint p ∈ ∂D n , the braid group B n acts on π 1 (D n , p). Let γ i ∈ π 1 (D n , p) be the element represented by a loop that winds counterclockwise around the i-th puncture once, then π 1 (D n , p) is isomorphic to F n , the free group of rank n generated by γ 1 , · · · , γ n . Hence we have a homomorphism
where σ i ∈ B n represents the half-twist about the i-th and (i + 1)-th punctures. See Section 1.5 of [15] for a proof of the formula. The total winding number ω of γ ∈ π 1 (D n , p) is
winding number of γ relative to the puncture p i .
In particular, ω(γ i ) = 1 for all i = 1, · · · , n. From the formula (2.1) we can see that the action of
Let X n denote the infinite cyclic cover of D n corresponding to the group homomorphism ω : π 1 (D n , p) → Z. As a consequence of (2.2), any mapping class σ of the punctured disc will lift to a mapping class on the cyclic cover X n , and hence acts on H 1 (X n ; Z). The reduced Burau representation is the homomorphism ρ : B n → GL(H 1 (X n ; Z)).
As in the Introduction, V n denotes the rational reduced Burau module H 1 (X n ; Q), then
by Shapiro's lemma
A standard calculation using the basic definition of the group homology will give
where the Q[t, t −1 ]-module structure records the action of the deck group Z ∼ = t on H 1 (X n ; Q). Since the B n -action on H 1 (X n ; Q) is defined by lifting mapping classes to the cover X n , it must commute with the deck transformation. Hence, B n acts on H 1 (X n ; Q) ∼ = Q[t, t 
The Artin group of type B n
The Artin group of type B n , denoted by G n , is the group with the presentation
G n is isomorphic to the semidirect product F n ⋊ φ B n where B n F n via φ given in (2.1). The isomorphism can be given explicitly on the generators γ i 's and σ i 's.
2) is an isomorphism can be found in [12] . One way to see G n ∼ = F n ⋊ φ B n is to realize that both are isomorphic to the annular braid group studied by Chow [7] , which is the subgroup of B n+1 that leaves the (n + 1)-th puncture invariant. We will not need this fact here and refer the reader to [6] and [7] for more discussion on the relation among these groups.
Proof of Theorem 1
The strategy of proving Theorem 1 is to use the Hochschild-Serre spectral sequence to relate H * (B n ; V n ) to the homology of G n over a rank 1 representation Q[t, t −1 ].
Proof of Theorem 1. First of all, our proof of Theorem 1 will use Theorem 4.2 of [6] in a crucial way.
is the G n -module where ǫ n acts by t-multiplication and ǫ 1 , · · · , ǫ n−1 acts trivially, then
and n is even
We calculate the homology using the Universal Coefficient Theorem.
Proof. Observe that Q[t, t −1 ] is a principal ideal domain. The Universal Coefficient Theorem gives a short exact sequence
because it is both free and a quotient of a torsion module. This implies that H k (G n ; Q[t, t −1 ]) contains no free submodule and hence is torsion for all k. Therefore,
On the other hand, the isomorphism (3.2) yields a split exact sequence
where F n is generated by γ 1 , · · · , γ n , and B n is generated by σ 1 , · · · , σ n−1 . Applying the Hochschild-Serre spectral sequence to the short exact sequence yields a spectral sequence whose E 2 page is of the form
, hence is zero except when p ≥ 2 and q = 0. When q = 0, H q (F n ; Q[t, t −1 ]) = Q and B n acts trivially on it. When p ≥ 2, E 2 p,0 = H p (B n ; Q) = 0. Therefore, all differentials are zero and E 2 = E ∞ . Hence,
The following lemma relates the equations above to the reduced Burau representation V n , which is of our main interest.
Proof. The action of B n on H 1 (F n ; Q[t, t −1 ]) in (4.1) is induced by φ : B n → Aut(F n ) given by the formula (2.1). Moreover, by restricting the action G n Q[t, t −1 ] to the free subgroup F n , each generator γ i of F n acts by t-multiplication. This is the same as the action F n Q[t, t −1 ] via the total winding number ω : F n → t , since ω(γ i ) = t for each i. Hence, the B n -module H 1 (F n ; Q[t, t −1 ]) is exactly the V n defined in Section 2.
Finally, H k (B n ; V n ) ∼ = H k (B n ; H 1 (F n ; Q[t, t −1 ])) by Lemma 6 ∼ = H k+1 (G n ; Q[t, t −1 ])/H k+1 (B n ; Q) by (4.1) ∼ = H k+2 (G n ; Q[t, t −1 ])/H k+1 (B n ; Q) by Lemma 5
When n > 2, Theorem 4 yields
−1 ]/(1 − t) k = n − 2, and n is odd Q[t, t −1 ]/(1 − t 2 ) k = n − 2, and n is even
Arnol'd's computation of the homology of the braid group with the trivial coefficients in [1] yields
Taking the quotient of the two groups, we conclude
−1 ]/(1 − t) k = n − 2, and n is odd Q[t, t −1 ]/(1 − t 2 ) k = n − 2, and n is even.
